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DYNAMIC RESPONSE OF INITIALLY-STRESSED MEMBRANE SHELLS 
1 by John W. Leonard, A.M. ASCE 

INTRODUCTION 

This  study i s  concerned with t h e  dynamic behavior of qxtremely t h i n  s h e l l s  

which have at t ,a ined a given s t r e s s  s t a t e  due t o  previous loads.  The response 

of these  s t r u c t u r a l  components t o  t h e  a c t i o n  of f u r t h e r  in -serv ice  dynamic 

loads w i l l  be s tudied and the  e f f e c t s  of  the  i n i t i a l  s t r e s s  q t a t e  determined. 

Xn i t i a l ly - s t r e s sed  t h i n  s h e l l s  have of l a t e  been used a s  temporary enclosures  

a t  expos i t ions ,  as prefabricate 'd warehouses and fue l  tanks,  and a s  i n f l a t a b l e  

concre te  forms f o r  dome cons t ruc t ion .  They have been considered f o r  use in  the  

e r e c t i o n  of space and lunar  s t ruc tu res .  

proposed f o r  Saturn-Apallo appl ica t ions  can be optimized using such components: 

For example, c e r t a i n  space s t r u c t u r e s  . *. 
t h e i r  in -serv ice  s t r u c t u r a l  r i g i d i t y  being obtained v i a  p r e s s u r i z a t i o n .  

app l i ca t ions  i n  the  near  f u t u r e  f o r  such l ight-weight  s t r u c t u r e s  include space 

Poss ib le  

veh ic l e  antennas and 'connecting tunnels between s t ages  of manned o r b i t i n g  s t a t i o n s  

o r  l una r  modules. 

An important aspec t  of the  behavior of i n i t i a l l y - s t r e i s e d  t h i n  s h e l l s  i s  

t h e i r  a c t i o n  under in-service dynamic loads.  For example, the  behavior of an 

i n f l a t e d  s a t e l l i t e  i s  influenced by the dynamic na ture  of the  i n f l a t i o n  process  

i n  t h a t  the  s h e l l  a r r i v e s  a t  i t s  desired f i n a l  conf igura t ion  with a f i n i t e  

v e l o c i t y  f i e l d .  

a s  g r a v i t y  and s o l a r  pressures ,  and forces  caused by movement of personqel 

It i s  a l s o  Lnfluenced by con t ro l  forces ,  e x t e p a l  forces  such 

'Assistant Profee5or of  Engineering and &plied Science,  S t a t e  Univers i ty  
of New York a t  Buffalo, Buffalo, New York. 



and propel lan t .  Two o ther  dynamics problems a r e  1) the  e f f e c t  on i n f l a t e d  

concrete forms of the  l a r g e  impact forces which r e s u l t  when sho tc re t e  is  ap- 

p l i ed ,  and 2 )  the  e f f e c t  of winds and e a r t h  tremors on s h e l l s  used a s  temporary 

s h e l t e r s ,  warehouses, and fue l  tanks. 

The behavior of extremely t h i n  i n i t i a l l y - s t r e s s e d  membrane s h e l l s  i s  such 

t h a t  c l a s s i c a l  methbds a r e  inadequate f o r  t h e i r  proper ana lys i s .  I n  recent  

years  considerable  a t t e n t i o n  has  been given t o  the de r iva t ion  of cons i s t en t  s h e l l  

t heo r i e s  (2, 16, 23, 28, 32)2 and t o  t he  development of so lu t ions  f o r  nonl inear  

membrane s h e l l  problems (6, 10, 14,  18, 29) .  Another Prea of recent  research 

i s  the  representa t ion  of nonl inear  problems 8s a sequence of superpos i t ions  of 

l i n e a r  problems, s t a t i c  and dynamic, on previously solved l i n e a r  o r  nonl inear  

problems, e.g.  p res t ressed  membranes (1, 19, 20, 22). The 

havior  of t h i n  s h e l l s  of revolut ions has been s tudied,  and 

the  symmetric and asymmetric modes of f r e e  v i b r a t i o n s  have 

11, 22, 24, 26, 27, 31). 

I n  the following study, t h e  equations of motion f o r  a 

c l a s s  i c a l  dynamic be - 
so lu t ion  methods f o r  

been presented (3, 8, . * *  

t h i n  s h e l l  with a 

general  configurat ion and a prescribed i n i t i a l  s t r e s s  state a r e  der ived.  For 

convenience, tensorbcalculus  has been used t o  

This  was done i n  order  t o  a r r i v e  a t  a compact formulation which could then be 

checked f o r  consis tency.  The general  t ensor  equat ions a r e  then spec ia l i zed  fo r  

der ive  the  equat ions of motion. 

a s h e l l  of revolu t ion  with an a r b i t r a r y  meridional conf igura t ion  and a r e  a l s o  

c a s t  i n t o  physical  forms i n  o r d e r  t o  ob ta in  so lu t ions  t o  s p e c i f i c  problems. 

An approximate formulation of the equat ions of motion is discussed and a 

so lu t ion  procedure f o r  the asymmetric modes of f r e e  v i b r a t i o n  is der ived.  

so lu t ion  procedure is i l l u s t r a t e d  by means of seve ra l  sample problems. The forced 

The 

2Numbers i n  parentheses  r e f e r  t o  e n t r i e s  i n  the  l i s t  of re ferences  in  
Appendix 11. 
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response of these same s h e l l  problems is a l s o  s tudied .  

EQUATIONS OF MOTION 

The following assumptions were made i n  the  de r iva t ion  of the  equat ions of 

motion f o r  the  superpos i t ions  of small o s c i l l a t i o n s  about the  i n i t i a l l y - s t r e s s e d  

conf igura t ion  of a genera l  s h e l l :  

1) The reference sur face  fo r  the added deformations i s  taken as the  
i n i t i a l l y - s t r e s s e d  middle. surface.  

2) The s h e l l  has neg l ig ib l e  bending s t i f f n e s s .  

3)  The th ickness  r a t i o  = = *h/L i s  small compared t o  un i ty ,  where 
*h = one-half the  s h e l l  thickness,  and L = smallest c h a r a c t e r i s t i c  
length  of the  middle surface.  

4)  

5 )  

The s h e l l  mater ia l  is p e r f e c t l y  e l a s t i c ,  homogenious and ' i sotropic .  

The add i t iona l  o s c i l l a t i o n s  a r e  i n f i n i t e s i m a l .  

A s p e c i a l  no ta t ion  has  been used t o  denote q u a n t i t i e s  def ined on the  addi-  . *. 

t i o n a l l y  deformed s h e l l .  

s t r e s s e d  middle sur face ,  the  corresponding func t ion  on the  a d d i t i o n a l l y  deformed 

middle sur face  i s  denoted by rf(x@) + c ' f ' (x ,cb)] ,  where c ' f ' ( x @ , t )  = amount by 

which [f(x") + ( ' f ' ( x@, t ) ]  d i f f e r s  from f (x@, t ) ,  xa(a  = 1 , 2 )  = middle sur face  

coord ina tes ,  and where c '  = small non-dimensional parameter def ined by the  

superposed a d d i t i o n a l  load vec to r .  

Given a function f(x@) def ined on the  i n i t i a l l y -  

The equat ions of equi l ibr ium for  t he  a d d i t i o n a l l y  deformed sur face ,  here-  

a f t e r  denoted by M', are formed by replacing the  s t r e s s e s  Pct ing on a s h e l l  

element by t h e i r  r e s u l t a n t s  ac t ing  on the  corresponding element of M'. 

t h i s  i s  done, the forces  ac t ing  on M' a r e  summed and a r e  found t o  have the  form 

When 

0 fo(x@)(c')O + f l ( x f l , t ) ( c * ) l  + f*(x@,t)(c * 2  ) + ---- = 

where the  fo(xn)  terms correspond t o  the  equat ions of equi l ibr ium f o r  the  in -  

i t i a l l y - s t r e s s e d  midd le  sur face  and are  the re fo re  i d e n t i c a l l y  zero.  According 

t o  assumption 5 above, a l l  terms mult ipl ied by and h igher  are neglected 
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1 
compared t o  f2(x* , t ) (c ' )  . 
de ta i l ed  de r iva t ion  see References l 9  and 20): 

The equations of motion are found t o  be ( f o r  a more 

\ 

where covar ian t  d i f f e r e n t i a t i o n  is  denoted by a v e r t i c a l ' l i n e  used as a subsc r ip t ,  

and 

n w  + C I n ' w  = force r e s u l t a n t  tensor  on M' 

P 

*P 

= mass dens i ty  of she l l  

= l a r g e s t  c h a r a c t e r i s t i c  force on the  i n i t i a l l y - s t r e s s e d  middle  sur face .  

L(?+c'?(t)) = load vec to r  on M' p e r  u n i t  a r ea  of  M' 

- 
A + ~'x' = base vec to r s  of M' 
0 a 

n 
N + C(N' = u n i t  normal vec to r  t o  M' . *' 

A + € ' A '  = metric tensor  of M' 

*f = C h r i s t o f f e l  symbols of t he  i n i t i a l l y - s t r e s s e d  s h e l l  

0% c@ 

a?, 

B + c t B '  = curvature  tensor  of M' 

C'LV; ( t  ) = superposed displacement vec to r  

Y 

w w 

= t t ( L V ! , q  + W I N )  

The e f f e c t s  of t he  i n i t i a l  s t r e s s  state can be observed i n  Eqs. 1. They 

c o n s i s t  of t he  stress r e s u l t a n t s  n w  of the  i n i t i a l l y - s t r e s s e d  middle su r face  

mul t ip l i ed  by func t ions  of the  added displacement vec to r .  These terms have 

been grouped toge ther  w i th in  the  second p a f r s  of brackets  i n  each equation. 

Equation 1 can be expressed e n t i r e l y  i n  terms of displacement funct ions 

by s u b s t i t u t i n g  i n t o  Eqe. 1 t h e  r e l a t i o n s  betweeh t h e  force  r e s u l t a n t s  and t h e  

displacements .  



- 5 -  

where 

E = Young's modulus v = Poisson 's  r a t i o  

a w' ' u r 3  = ax<y (c) + V,'?B 
Q YQ 

To complete the subs t i t u t ions ,  the expressions f o r  the add i t ions  t o  the metr ic  

tensor  and the  curvature  tensor  i n  terms of the  added displacements are needed: 

A '  = A  U" + A U" 
ocy W Y  

B' = 1/2 kf3 + U t 3  + B U" + B U" w OlY q Y  of3 Y , YO Q! 

Once tensor  forms of the  equations of  motion (Eqs. 1) have been expressed 

completely i n  terms of the  add i t ions  t o  the  displacement vec tor ,  it i s  necessary 

.. t o  c a s t  them i n t o  physical  forms i n  o rde r  t o  solve p a r t i c u l a r  problems of 

i n t e r e s t .  This  is  done v i a  s u b s t l t u t i o n s  of t he  phys ica l  components f o r  t h e  

var ious  vec tors  on M'. 

L 

where subsc r ip t s  enclosed i n  parentheses denote physical  components, 

N 

nw and of the  loads fl required t o  obtain N 

and where 

and P a r e ' t h e  physical  components of the i n i t i a l  s t r e s s  r e s u l t a n t s  
(aryl' (a) . 

1 .  (4 
S h e l l s  of Revolution - The general  equat ions of motion can be spec ia l ized  

f o r  a s h e l l  of revolu t ion  with an a r b i t r a r y  meridional contour (Pig. 1). 

m i d d l e  sur face  coordinates  are defined ae follows: 

The 

1 x I r egu la r  meridional 
i 
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coordinate,  e.g. a r c  length; and x 2 = azimuth angle 8 .  

Asymmetric o s c i l l a t i o n s  about an axially-symmetric i n i t i a l  s t r e s s  s t a t e  

have been considered. Therefdre, der iva t ives  with respec t  t o  8 of  a l l  quant i -  

t i e s  assoc ia ted  with the  i n i t i a l l y - s t r e s s e d  s h e l l  of revolu t ion  a r e  i d e n t i c a l l y  

zero. For q u a n t i t i e s  associated w i t h  t h e  add i t iona l  deformations, a f ( x  1 ,e)/&' is 

denoted by f ( x  1 ,e) ,  and a f ( x  1 ,e)/& by f ( x  1 ,e). Also, it  is convenient t o  make 

a change of no ta t ion :  l e t  

w = V:i3)/L (6 ) v = v:, 7 /L 
(2 1 u = Vb(;j/L 

The physical  forms of Eqs. 1 special ized f o r  a general  s h e l l  of revolu t ion  

a r e  

A A 

-K + K2 f] + 
2All 
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R2+15 Ri+LJ% 

R1 + %  

=4! where: 

1 ' V  
K =  N(22) 

% =  K 
r = perpendicular  d i s tance  of a po in t  on the  i n i t i a l l y - s t r e s s e d  middle 

sur face  from the  a x i s  of revolu t ion  

R1, = non-dimensional r a d i i  of curvature  of the  i n i t i a l l y - s t r e s s e d  
s h e l l  

I f  Eqs. (7) a3e rearranged it is poss ib le  t o  segregate  the  e f f e c t s  of the  

i n i t i a l  s t r e s s  s t a t e  a s  follows,: 

7 

0 = (. . . c l a s s i c a l  membrane equations of motion.. . 
+ N ( l l )  {.. .functions of the added displacements.. . i 

i I.. . funct ions of the added displacements.. . 
+ N(22) 

An approximate formulation of Eqs. 7 i s  discussed i n  Reference 20. I n  

t h a t  approximate theory f o r  i n i t i a l l y - s t r e s s e d  s h e l l s ,  it was shown t h a t  the  

e f f e c t s  of the  i n i t i a l  s t r e s s  can be neglected i n  the  f i r s t  two of the  equat ions 

of motion, Eqs .  7a;and 7b. However, i n  the  t h i r d  equation of motion,Eq. 7c, 

the  i n i t i a l  s t r e s s  components should be re ta ined  i n  order  t o  adequately des- 
I I 

. .* 

c r i b e  t h e  s h e l l  behavior i n  the  neighborhood of d i s c o n t i n u i t i e s  and non-membrane 

type boundaries. 

genera l  s h e l l  of revolu t ion  i s  

The approximate formulation o f  the  equat ions of motion f o r  a 

A 
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3 2 
+ R R A f i l l  + K *11 - F A l 1  &!$ = 0 r- 

1 2  

'l-y A R1-R27 
r 

2 2x L3 
+ 3 K rfill - A K r&l # = 0 

LP ' 

It was  shown i n  Reference 20 tha t  the  approximate s t a t i c  equat ions equiv- 

a l e n t  t o  Eqs. 8 gave so lu t ions  in close agreement with the  so lu t ions  t o  t he  

more exac t  formulation. 

d i f f e r e n t  from the so lu t ions  t o  the  equivalent  c l a s s i c a l  membrane equat ions 

where the  e f f e c t s  of i n i t i a l  s t r e s s  a re  ignored! 

s o l u t i o n s  t o  both the  apdroximate and the  exac t ' equa t ions ,  Eqs .  8 and 7 re- 

Also, both of those so lu t ions  were s i g n i f i c a n t l y  

I n  a succeeding sec t ion ,  t h e  

spec t ive ly ,  w i l l  be compared for  several  sample dynamic problems. 

I n  the  considerat ion of the  na tura l  f requencies  and assoc ia ted  mode shapes 

f o r  the  asymmetric superposed equations of motion, a l l  the  forc ing  funct ions 
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a r e  assumed t o  be zero  and t h e  displacements t o  be 
(3) 

and P' 
p '  (1)' p '  (2 ) J  
harmonic funct ions 

U(X 1 , e, t )  = U*(X 1 , e )  e i L &  

V(X 1 , e, t )  = V*(X 1 , e )  e i(llt 

W ( X  1 , e, t )  = W*(X 1 , e )  e iLs 

I f  i n  addi t ion ,  the  funct ions u*, v*, w*, a r e  expanded i n  Fourier  Se r i e s ,  it 

can be seen t h a t  E q s .  7 and 8 admit so lu t ions  of t he  form ( t o r s i o n a l  v i b r a t i o n s  

- a r e  ignored ) : 

u*(xl, e )  = $  un(x 1 cos ne 

Xsa 

. * *  
If E q s .  9 and 10 a r e  subs t i tu ted  i n t o  E q s .  7, an i n f i n i t e  s e t  of ordinary 

d i f f e r e n t i a l  equat ions r e s u l t s ,  each s e t  of which has the  form 

: R1-R2 R 
+ K2 (2- - - 4)- 

R1R2 R2 R2 

' . e , ,  -,... 
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i R R  + nw 
1 2  , 

R1R2 ' 2 - K~ - ~2 (1- ~n ) - 
r. 

where 

L p ( l  1 4 1  
K G =  2l 2 L2 (1 - y w P = p  E 

If the  approximate equat ions of motion, Eqs .  8, are considered, t he  s e t  . *. 
of ord inary  d i f f e r e p t i a l  equat ions equivalent  t o  the  exac t  theory,  Eqs. 11, are 

as follows: 

5c 

2 r  
n 

2 11 1 .'b 4 + G] fill - A r A 

+ G ; + p A l l J + n v n [ v A  r 
- --) ; - - 22 - n 

r2 2 2A11 r 
n A 

r 

n R1+f12 2 (12b) + nw 
JAll r r R. R, 

1 L  
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41 - K1 - K 2 ( l  - 1 2 n 2 )  - R R J -  
1 2 J R1R2 

R R  

r 2 

Determination of Eigenvalues - The method used t o  determine the n a t u r a l  

f requencies  and mode shapes for the asymmetric v i b r a t i o n s  of i n i t i a l l y - s t r e s s e d  

s h e l l s  i s  (1) t o  s e l e c t  a t r i a l  value f o r  the n a t u r a l  frequency u, and t o  check 

i f  the t r i a l  value provides an unique so lu t ion  which s a t i s f i e s  the  equat ions of 

motion (Eqs.  11 o r  12)  and t h e i r  associated homogenious boundary condi t ions .  

I f  the t r i a l  value .of tt*were a na tu ra l  frequency, a n o n - t r i v i a l  family of solu-  

t i o n s  which d i f f e r  only by a mul t ip l i ca t ive  cons tan t  would have been found. 

Vhen the t r i a l  q ~ i s  s u b s t i t u t e d  i n t o  the  equat ions of motion, the  combined 

i n i t i a l - v a l u e  and boundary-value problem is cmver t ed  i n t o  an equiva len t  boundary- 

value problem f o r  which one method of so lu t ion  has been discussed previous ly  (20). . * *  

This  so lu t ion  method is reviewed below. The t r i a l  f requencies  a r e  t e s t e d  by 

c a l c u l a t i n g  a determinant assoc ia ted  with the  equiva len t  s t a t i c  so lu t ion .  Since 

the  elements of t h i s  determinant (described below) a r e  continuous func t ions  of 

a, a change i n  s ign  of the  determinant f o r  two d i f f e r e n t  t r i a l  va lues  of w i m p l i e s  

the  ex i s t ence  of a .na tu ra1  frequency between those two t r i a l  va lues .  Then using 

b inary  search techniques,  one can obtain b e t t e r  approximations t o  the  n a t u r a l  

frequency. 1 

Boundary Conditions - The so lu t ions  t o  the  combined i n i t i a l - v a l u e  and 

boundary-value problem posed by e i t h e r  of Eqs.  11 o r  12 can be obtained i f  the 

i n i t i a l  condi t ions  and six boundary condi t ions for each value of n a r e  c o r r e c t l y  

prescr ibed .  .The  three  boundary condi t ions a t  an edge of the  s h e l l  can i n  most 

ca ses  be r e a d i l y  obtained using Fourier expansions. 

The c r i t e r i a  f o r  es tabl ishment  of boundary condi t ions  i n  the  p a r t i c u l a r  

case  of a s h e l l  continuous a t  the  apex’are such t h a t  t h e r e  e x i s t s  no s i n g u l a r i t y  
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n n n  a t  the apex (20, 31). Since the  so lu t ions  u , v , w a r e  a n a l y t i c  func t ions  a t  

the apex, it is poss ib l e  t o  ob ta in  so lu t ions  t o  e i t h e r  Eqs. 11 o r  12 i n  the  

neighborhood of x 

Wen the s e r i e s  expansions of u , v , w 
motion evaluated a t ' x  

1 = 0 ( r egu la r  s ingle  p o i n t )  by means of s e r i e s  expansions. 

n n n  a r e  s u b s t i t u t e d  i n t o  the equat ions  of 

1 
= 0, c e r t a i n  r e l a t i o n s  between the  cons t an t s  of the s e r i e s  

expansions are obtained which must be s a t i s f i e d  in order  t o  s a t i s f y  equi l ibr ium 

a t  the apex. These r e l a t i o n s  can be considered a s  apex boundary condi t ions  f o r  

the numerical i n t e g r a t i o n  of t he  boundary-value problem equ iva len t  t o  E q s .  11 o r  12. 
1 

revolu t ion .  

Le t  x be cp, t he  angle t h a t  t h e  normal t o  the  s h e l l  makes wi th  the  a x i s  of 

n n  n The Taylor  s e r i e s  expansions of u , v and w about t he  p o i n t  ~9 = 0 a r e  

I f  Eqs. 13 a r e  s u b s t i t u t e d  i n t o  e i t h e r  of Eqs. 11 o r  12 and i f  terms a r e  

co l l ec t ed  i n  powers of 9, t he  vanishing of a l l  terms independently of 0 y i e l d s  

the following s e t  of r e l a t i o n s  between the  cons t an t s  of t h e  s e r i e s  expansions 

( d i f f e r e n t  r e l a t i o n s  are obtained for each va lue  of n; only  the  r e l a t i o n s h i p s  

f o r  n = 0, 1, 2 a r e  l i s t e d  h e r e )  

- n = 0 ( a i ,  b i ,  cz a r b i t r a r y )  

- --- 2(l+t/) (c," - a " )  - (pR12 + 2K1) cg 
c2" = 1 

4K, 
A 

6pR: 1 b10 
474u+8K1 J 6 b " = -[l + 

3 

amo' bmo, c m ' determined by ala, blo, c o o  for  m 2 2 
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1 1 1  

n = 1 (a2, bo,  c1 a r b i t r a r y )  

1 1 = b i  ,1 = c2 1 = a3 1 I b3 1 = o  
c o  = al 

1 1 a ,  = - b, 

1 -(? + 2K ) a2 1 - ( l+y)  c1 1 - (y + pR1 2 + K1) b, 1 
- -  b2 - 1 
I - -3v + 2K. L 

h b o l  - 91 d l  c1 - (l+v) (3c2 + b2) + W + v )  - PR1 - 1 

8K1 c3 - 

a’ b1 c1 determined by a 1 1  bo, c i  f o r  m 2 3 
m’ m’ m 2’ I 

2 2  
n = 2 (a3 , bl , cZ2 a r b i t r a r y )  

a,  2 = bo 2 = C ,  2 = c c1 2 ’  = a2 2 = b2 2 = c 3 .  2 .  = o  

2 
1 = -b 2 

1 a 

c 2 f o r m >  4 3 ’ b l ’  2 
2 2 2  c determined by a am ’ bm , m 

Numerical I n t e n a t i o n  Scheme - The method o f  so lu t ion  chosen f o r  the  

boundary-value problem posed by e i t h e r  Eqs. 11 o r  12 is  a gene ra l i za t ion  of  

Holzer’s method (3, 8, 12, 25, 31) i n  which the  two-point boundary-value problem 

i s  transformed i n t o  a s e t  of  homogeneous i n i t i a l - v a l u e  problems, each i n i t i a l -  

value problem be ing , in t eg ra t ed  numerically using a genera l ized  t rapezoida l  r u l e .  

The proper  i n i t i a l  condi t ions  f o r  each i n i t i a l - v a l u e  problem a r e  formed by as -  

suming independent va lues  of the  unknown d e r i v a t i v e s  a t  one boundary of the 

s h e l l .  

cond i t ions  prescr ibed a t  each end of a t y p i c a l  meridional l i n e ,  

assumptions can be made f o r  the  i n i t i a l  condi t ions  f o r  each of  the  th ree  homogeneous 

Since Eqs. 11 and 12 are both s ix th-order  systems wi th  three  boundary 

th ree  independent 
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i n i t i a l - v a l u e  problems. 

The 

below: 

1. 

2. 

3 -  

4. 

5 -  

so lu t ion  process  f o r  the two-point boundary-value problem i s  out l ined  

For an assumed value of 

transformed i n t o  3 i n i t i a l - v a l u e  problems by assuming 3 independent 

s e t s  of homogeneous boundary condi t ions  a t  one edge of the  s h e l l .  

The so lu t ion  t o  each homogeneous i n i t i a l - v a l u e  problem i s  propagated 

along a t y p i c a l  meridian. Newmark's beta-method, a genera l ized  t r a p -  

ezoida l  r u l e  f o r  i n t i g r a t i o n ,  i s  used. See References 19, 20, 25 f o r  

d i scuss ions  and app l i ca t ions  of t h i s  method. Three p a r t i a l  s o l u t i o n s  

the 6th-order  boundary-value problem i s  

a r e  thus generated.  

The t o t a l  so lu t ion  a t  any meridional po in t ,  including t h e  boundary, i s  

a l i n e a r  combination of the th ree  p a r t i a l  so lu t ions :  
r t r u e  7 = [ par t ia l  3 { N2 a1 > 
i s o l u t  ion3  so lu t ions  

os 
where 0. are the  cons tan ts  of the combination. 

I n  order  t h a t  the  homogeneous boundary condi t ions  a t  t h e  edge be sat-  

i s f i e d ,  t he  l i n e a r  homogeneous equat ions formed from the  corresponding 

po r t ions  of  t he  par t ia l  so lu t ions  must have a n o n - t r i v i a l  so lu t ion .  

I n  o the r  yords,  t he  determinate of t h e  c o e f f i c i e n t  matr ix  €or  the  par -  

t i a l  soluqions corresponding t o  the  boundary condi t ions  must be zero.  

1 

I 

t r u e  boundary va lues  0 
bodndary f o r  

{conditions = [ b ar t ia l  9 

. .. 

boundary va lues  

p a r t i a l  s o l u t i o n s  
d e t  I f o r  

I f  the  determinant is not  zero, the  t r i a l  value of Q i s  not  a n a t u r a l  

Erequency and s t e p s  i t u  3 must be repeated for another  t r i a i  vaiue. 

Afte r  twotvalues of ware  found f o r  which the  s igns  of t he  corresponding 

determinant a r e  o p p i s i t e ,  B h a l f - i n t e r v a l  search is  i n s t i t u t e d  t o  f ind  

the  bracketed value of wcor respond ing , to  a n a t u r a l  frequency. 



6. I f  the  determinant i s  z e r o ; t h e  boundary condi t ions  a r e  s a t i s f i e d  and 

the mode shape f o r  t h a t  na tura l  frequency is  determinable t o  within an 

a r b i t r a r y  constant  by solving Eq. 18 f o r  cy2 and 0 i n  terms of cy and 

then by combining the  p a r t i a l  so lu t ions  a s  i n  Eq. '17. 
3 1 

If the  s t a r t i n g  poin t  for  the numerical i n t eg ra t ion  of t he  i n i t i a l -  

value problems i s  the  apex, spec ia l  methods must be used i n  the  neighborhood 

of  the  apex. The so lu t ions  i n  t h e  region of cp = 0 a r e  approximated by Taylor 

s e r i e s  expansions, Eqs .  13. For any value of n, s u f f i c i e n t  terms i n  the  s e r i e s  

expansions must be taken such t h a t  a l l  of t h e  a r b i t r a r y  cons tan ts  i n  Eqs. 14, 

15, and 16 a r e  included. This  w i l l  guarantee t h a t  t he  so lu t ions  a t  a l l  po in t s  

in  the  s h e l l  a r e  l i n e a r  combinations of a l l  t he  a r b i t r a r y  condi t ions  a t  the  

apex (20, 31). 1 

Since it is not  poss ib le  t o  consider  a l l  terms in  the  Taylor s e r i e s  

expansions, it is  i e c e s s a r y  t o  use a successive approximation scheme f o r  propa- 

ga t ing  so lu t ions  i n  the neighborhood of the  apex. 

i n  Reference 20. 

changes r ap id ly  nedr the  apex, e.g. a paraboloid,  more rap id  convergence of t h e  

successive approxinlations was possible  i f ,  ins tead  of using Taylor expansions 

of the displacement funct ions (u, v,  w) ,  Taylor expansions of u/R 

w were used. 

i . *. Such a scheme is described 

It was found t h a t  in  cases  where the geometry of the  s h e l l  

v / r ,  and . l '  

Suppression of Extraneous Solut ions.  - The use of the  general ized 

Holzer method i n  cases  where the  numerical i n t eg ra t ion  must proceed over a 

long i n t e r v a l  introduces se r ious  convergence d i f f i c u l t i e s  i n  t h a t  t he  so lu t ion  

t o  each of the  i n i t i a l - v a l u e  problems i n c h d e s  both a decaying funct ion of x 

and a r a p i d l y  growing funct ion of x 

1 

1 (9). The c o e f f i c i e n t  of t h e  r a p i d l y  growing 

funct ion should in  theory be zero, but because of var ious  numerical i n t eg ra t ion  

e r r o r s  is no t  exac t ly  zero.  

extraneous so lu t ions  have neg l ig ib l e  e f f e c t  on t he  combination of t he  p a r t i a l  

For short  regions of i n t eg ra t ion  t h e  rapid, ly  growing 
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so lu t ions .  However, f o r  longer in t e rva l s  of i n t eg ra t ion ,  the  extraneous solu-  

t i ons  predominate and the equat ions which express the l i n e a r  combinations of the 

p a r t i a l  so lu t ions  a r e  extremely i l l -condi t ioned .  

There a r e  two methods in  current  use f o r  a l l e v i a t i n g  t h i s  convergence 

problem. One method, the  multi-segment method, c o n s i s t s  of subdividing the  

she l l  region i n t o  sho r t  segments (4, 14, 15, 21).  The i n i t i a l - v a l u e  problems 

a r e  in tegra ted  wi th in  each segment, and so lu t ions  a r e  combined t o  s a t i s f y  compat- 

i b i l i t y  requirements a t  the  junctions of the  var ious  segments. The second method, 

t he  suppression method, c o n s i s t s  of combining the p a r t i a l  so lu t ions  a t  s e l ec t ed  

po in t s  along the meridian i n  order  t o  suppress t h e  extraneous so lu t ions  (3, 8, 

30, 31): Although the two methods are similar i n  concept, and although the  

multi-segment method lends i t s e l f  t o  an e a s i e r  phys ica l  i n t e r p r e t a t i o n ,  the  

suppression method r equ i r e s  a l e s s e r  number, of independent p a r t i a l  so lu t ions .  

Also,  instead of solving, f o r  example, one set of 3N equat ions simultaneously, 

N s e t s  of 3 simultaneous equat ions are solved successively.  For the above reasons 
. * '  

the  suppression method was chosen i n  t h i s  study. 

The suppression method is  implemented by requi r ing  t h a t  a t  c e r t a i n  meridional 

po in t s  f i c t i t i o u s  condi t ions  be s a t i s f i e d  by l i n e a r  combinations of the unsup- 

pressed p a r t i a l  so lu t ions .  The f i c t i t i o u s  condi t ions  t o  be s a t i s f i e d  must be 

a r b i t r a r y ,  independent condi t ions which have small  magnitudes compared with t h e  

p a r t i a l  so lu t ions .  

a r b i t r a r y  p a r t i a l  so lu t ions  in  which the  extraneous growing funct ions a r e  sup- 

The p a r t i a l  so lu t ions  a r e  the re fo re  combined t o  form new 

pressed.  The l i n e a r  combinations at the  po in t  of suppression and a t  a l l  p r i o r  

po in t s  c o n s t i t u t e  t he  new s e t  of a r b i t r a r y  so lu t ions  which are then propagated 

along t h e  meridian t o  the  next  point  a t  which suppression is  required.  The 

suppression process  is  d e t a i l e d  i n  References 3 and 70. 



SAMPLE SOLUTIONS: FREE VIBRATIONS 

I n  order  t o  t e s t  t he  so lu t ion  procedures descr ibed in  the previous sec t ion  

f o r  both the exact  and the  approximate equat ions of motion (Eqs. 11 and 12) ,  

severa l  i l l u s t r a t i v e  examples were solved f o r  t h e i r  n a t u r a l  f requencies  and 

mode shapes, only the n = 0, 1, 2 harmonics being considered. A computer 

program was developed which was capable of handling a s h e l l  of revolution wi th  

a genera l  meridional conf igura t ion .  The program w a s  t e s t e d  on seve ra l  sample 

s h e l l  conf igura t ions  including: a sphere continuous a t  the  apex and f ixed o r  

simply-supported a t  the  base; a sphere f ixed  o r  simply-supported near  the  apex 

and a t  the  base; a sphere with a r i g i d  plug near  t he  apex and f ixed a t  the  base; 

a paraboloid of revolu t ion  continuous a t  the  apex and f ixed o r  simply-supported 

a t  the base; a t o r o i d a l  s ec t ion  w i t h  a r i g i d  plug a t  one end and f ixed  a t  the  

o t h e r  end. The r e s u l t s  f o r  s eve ra l  of t hese  problems a r e  presented i n  t h i s  

s e c t  ion .  . .. 
Sphere Continuous a t  Apex. - The f i r s t  example considered was an i n i t i a l l y -  

s t r e s s e d  sphe r i ca l  segment fixed a t  its base as shown i n  Fig. 2a. The i n i t i a l  

s t r e s s  s t a t e  was a t t a i n e d  v i a  in t e rna l  pressure  p, the  smallest c h a r a c t e r i s t i c  
- 

l ength  L = r a d i u s  of sphere,  and (po = opening angle  of the sphere.  

following s u b s t i t u t i o n s  are made i n  Eqs .  11 o r  12, the  n a t u r a l  f requencies  and 

If the  

a s soc ia t ed  mode shapes f o r  t h i s  problem can be obtained: 

G = O  r = R sinq 1 
X = rr) 

R1 = =all = R 

Several  numerical problems were considered. Figures 3, 4, and 5 dep ic t  

t h e  first :hie= C Z ~ G ~ Z ?  d l s p l ~ ~ ~ i i i ~ n t  ~ i i d  s t r e s s  i i i~de  s h ~ p e ~  f ~ i :  e ~ t h  tl' th2 

f i r s t  t h ree  harmonics of a sphere with an opening angle  of qo = 45O. The 

p r o p e r t i e s  of the i n i t i a l l y - s t r e s s e d  s h e l l  considered are E = 3O0,OOO p s i ,  
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v = 0.4, = 0.0001, L = 100 f t . ,  R 1, N'(l l )  = N ( 2 2 )  = 20,GOO p s f .  Figs 6, 

I >  and 6 show the displacement node shapes of a hemisphere with these same 

p r 0 2 e r t i e s  except t h a t  c:.o = 90". 

I n  a l l  of the above examples the exac t  formulation was used as  the  b a s i s  

of so lu t ion .  Then the approximate formulation was used, r e s u l t s  were obtained 

which were i n  c lose  agreement t o  t h e  more exac t  so lu t ions .  The so lu t ions  fo r  

the two formulations are compared i n  Table 1 f o r  a sphere wi th  an opening angle  

of 45". 

It i s  of  i n t e r e s t  t o  note  t h a t  for  a s teep  s h e l l  v i b r a t i n g  i n  i t s  lowest 

axisymmetric mode there  e x i s t s  a node, w = 0, a t  an i n t e r i o r  p o i n t .  The loca-  

t i o n  of the node v a r i e s  with the  opening angle considered.  Therefore ,  a uniform, 

dynamic pressure  loading cannot be  adequately represented by only one mode when 

the modal ana lys i s  method f o r  forced v i b r a t i o n s  (descr ibed i n  a following s e c t i o n )  

i s  used.  I n  Fig.  9 a r e  p lo t t ed  the  normal displacements f o r  the  f i r s t  axisym- 

metr ic  mode shapes of spheres with var ious opening angles .  For extremely s t eep  

s h e l l s ,  note  t h a t  the node occurs near ;70/2. 

. 1  

The e f f e c t s  of the thickness  and i n i t i a l - s t r e s s  parameters were a l s o  

s tud ied .  For a s h e l l  of constant  thickness ,  both the  th ickness  parameter 1 

are contained wi th in  the  s i n g l e  para-  
(11) 

and the i n i t i a l - s t r e s s  parameter N 

met r ic  expression 

A 2EXL 

Therefore ,  f o r  a given i n i t i a l  s t r e s s ,  the  e f f e c t  of a change i n  thickness  can 

be obtained by maintaining a constant  th ickness  and changing the  i n i t i a l  s t r e s s .  

Fig.  10 shows the  e f f e c t  of  i n i t i a l  s t r e s s  on the va lues  of the  n a t u r a l  f r e -  

quencies of a sphere with an opening angle  of 45". It was a l s o  found t h a t  t he  

i n i t i a l  s t r e s s  had no appreciable  e f f e c t  on the  shapes of the n a t u r a l  modes. 

SDhere with Other Boundary Conditions.  - Two o the r  sphere problems were 

considered: 1) a sphere fixed near  the  apex and a t  the  base,  Fig.  2b; and 
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2) a sphere with a r i g i d  plug near  the ape:: and f ixed o r  simply-suFported a t  

the base, Fig.  2 c .  Several  numerical problems were considered.  F i g .  11 shows 

t h o  2irs t  t h r e e  norxal  d i s p l x e m e n t  mode shapss  for the  f i r s t  th ree  harmonics 

of t ~ ~ o  sphere problems wizh (;7" = 45". I n  both examples the  s h e l l  near  the 

apex i s  assumed t o  be at tached t o  the f ixed su?port  and t o  the  Pigid plug, re -  

spec t ive ly ,  a t  c? = 1". 

The i n i t i a l - s t r e s s  s t a t e s  f o r  chese two examples were obtained v i a  uniform 

i n t e r n a l  pressure .  I n  the  case of a sphere f ixed  a t  both ends of the meridian,  

i t  was assumed t h a t  the  sphere was completely supported on r o l l e r s  which, a f t e r  

the des i red  conf igura t ion  was obtained, were r i g i d l y  clamped. The i n i t i a l -  

s t r e s s  r e s u l t a n t s  f o r  a fixed-fixed sphere the re fo re  a r e  the  same as those used 

i n  t h e  previous sec t ion  f o r  a sphere continuous a t  the apex. I n  a similar 

fash ion  f o r  the sphere with a r i g i d  plug near  the  apex, it was assumed t h a t  

the sphere boundary condi t ions  during the  p r e s s u r i z a t i o n  phase were t h a t  the  

base was on r o l l e r  supports  and tha t  nea r  the  apex the  sphere was a t tached  t o  
. 7 '  

a r i g i d  plug.  Af t e r  pressur iza t ion ,  t he  sphere i s  then completely clamped 

a t  the  base ,  

the  apex a r e  

(11) = N 

- 
(22) - N 

The i n i t i a l - s t r e s s  r e s u l t a n t s  f o r  a sphere with a r i g i d  plug nea r  

t he re fo re  

(215) . 

-2 
where the  s o l u t i o n s  have been l inear ized ,  i . e ,  terms of o rde r  have been 

neglected,  and where (3 = angular  loca t ion  of r i g i d  plug.  

XE 

1 

S h e l l s  o f  Revolution wi th  More Complex Geometries. - I n  order  t o  demon- 

s t r a t e  t he  so lu t ion  procedure on a sample problem with a more complex geometry 

then t h a t  of  a sphere,  two f u r t h e r  examples were considered: 1) the  paraboloid 

o f  r evo lu t ion  shown i n  Fig.  12, and 2 )  the  t o r o i d a l  s ec t ion  shown i n  Fig.  13.  

For .the paraboloid of revolu t ion ,  several  numerical examples were solved.  The 
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rec;:lts 0 :  one o f  these problems are depicted i n  F ig .  14, where the  f i r s t  t h ree  

displecesenc mode shapes a r e  p lo t t ed  f o r  t he  f i r s t  t v o  harmonics o f  a paraboloid 

contiriuaus at t h e  apes  and fixed a t  (a,, = 45". The d a t a  f o r  t he  p a r t i c u l a r  

pare3oloid considered i n  Fig.  1 4  i s  E = 3dO,000 p s i ,  1,' = 0.4 ,  1 = 0.0301, 

L = S O  f t . ,  a = 1, p = 503 p s f ,  where p i s  t h e  i n t e r n a l  pressure  used t o  c a l -  
- - . -  

c u l a t e  t he  i n i t i a l - s t r e s s  r e s u l t a n t s  (.18). 

The t o r o i d a l  sh.el l  problem considered, Fig.  13, was t h a t  of a s e c t i o n  o f  

a t o r u s  f k e d  a t  t h e  base, = (re, and a t tached  t o  a r i g i d  plug near  t he  a?ex. 

The ncrnerical d a t a  f o r  t h e  p a r t i c u l a r  example considered a r e  E = 300,090 p s i ,  
- 

0.4 ,  L = 100 f t . ,  a = -0.25, (nl = 30°, (q0 = go",  and p = 400 p s f ,  where 
- 
p i s  t h e  i n t e r n a l  pressure  used i n  the c a l c u l a t i o n  of  the  i n i t i a l - s t r e s s  re-  

s u l t a n t s  by the  following equat ions 

The f i r s t  t h r e e  normal displacement mode shapes f o r  t h e  f i r s t  t h r e e  harmonics 

of  t h i s  p a r t i c u l a r '  example are  shown i n  F ig .  15 .  

FORCED VIBRATIONS 

Once the  n a t u r a l  frequencies and assoc ia ted  mode shapes o f  f r e e  v i b r a t i o n  

f o r  a t h i n  in i t i a l1 .y - s t r e s sed  s h e l l  of revolu t ion  have been obtained, i t  i s  

p o s s i b l e  t o  determine the  response of t h e  s h e l l  t o  time-dependent loading con- 

d i t i o n s  by means of  t h e  modal ana lys i s  method (3,  13,  17, 31). I n  t h i s  method 

i.i is assumed t h e  t r a n s i e n t  displacements can be represented a s  an i n f i n i t e ,  

co i lx~c rgen t  SUE 0 ,  t h e  mnde s h a p e s  o f  free v i h r a r i n n ,  each rnnde shape being  r-!l~l.- 

t iy l iec l  ' ~ y  a time dependent p a r t i c i ? a t t o n  f a c t o r .  

t c  t h e  determinat ion o f  a su€Eicient number of mode p a r t i c i p a t i o n  f a c t o r s  t o  

T k e  p-rsbien i s  then relaced 
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ed,equaie1>7 r e p r e s e n t  t h e  forced response o f  t he  i n i t i a l l y - s t r e s s e d  s h e l l .  

The equat ions of motion can be w r i t t e n  a s  

where L 

problem, and C = c o e f f i c i e n t  of viscous damping. Note t h a t  Xqs. 23 a r e  a 

(u,  v,  w )  = d i f f e r e n t i a l  operator  r e l a t e d  t o  t h e  equivalent  s t a t i c  
i 

s l i g h t  g e n e r a l i z a t i o n  of E q s .  7 o r  8 i n  t h a t  a f i r s t  approximation t o  the  e f f e c t  

of viscous damping has  been included. It i s  assumed t h a t  t he  s h e l l  i s  under- 

damped, i . e .  C < C c r ,  where C i s  t he  c o e f f i c i e n t  of  c r i t i c a l  damping. c r  

L e t  t h e  displacements be expanded i n  terms of t he  n a t u r a l  modes as follows 

1 ' wn (x cos ne F ( t >  iL i n i  
1 

w ( x  , 0 ,  t )  = (24c ) 

n n . n  where u V w a r e  t h e  modal displacements l o r  t h e  ith ordered mode of t he  

n ( t )  i s  the  corresponding time-dependent mode p a r t i c i p a t i o n  

f a c t o r .  

i' i' i 

harmonic, and F 
t h  

n i  

The Equations 23 a r e  combined a s  follows: 1)  Eqs. 24 a r e  s u b s t i t u t e d  

i n t o  E q s .  23; 

i n a t e  each of  t h e  Li's; 3) t h e  equations a r e  mul t ip l ied  by u n cos nd, 

2) t h e  equat ions of motion f o r  f r e e  v i b r a t i o n  a r e  used t o  elim- 

i 
n n v s i n  n9, w cos ne respec t ive ly  and then added  together ;  4 )  t h e  r e s u l t  
i i 

i s  then in tegra ted  over t he  s u r f a c e . a r e a  o f  t he  i n i t i a l l y - s t r e s s e d  m i d d l e  su r -  

face ;  and 5 )  or thogonal i ty  proper t ies  o f  t h e  n a t u r a l  modes are  used t o  e l i n -  

inate terms. !.%en the  above s t e p s  a r e  completed, t h e  following ord inary  d i f -  

f e r e n t i a l  equat ion i s  obtained 
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,, 0 

F n i  +- Fni + Fni = Qni(t) 

where 

1 n 27 
b 

K = c i [(u:)~ + (,in];! + (wi  ) j rJ.All dx n i  .. J a 

(254 

I n  -che above equacioas,  F = d F  . / d t ,  L, 

t h  f o r  the n harmonic, 

i s  the  ith ordered n a t u r a l  frequency 
n i  ni A i  

i s  ' ra t io  of the c o e f f i c i e n t  of damping t o  the  c o e f f i c i e n t  

o f  c r i t i c a l  damping, K i s  the modal normalizat ion cons tan t ,  and P '  
n i  ( i) (x 1 , 6,  t )  

have been expanded as Fourier  s e r i e s  i n  6 .  

The problem of  determining the t r a n s i e n t  response of  i n i t i a l l y - s t r e s s e d  

s h e l l s  f o r  which n a t u r a l  frequencies,and mode shapes a r e  ava i l ab le  has been 

rezuced t o  t h a t  of  solving th2 c l a s s i c a l  i n t t i a l - v a l u e  problem posed by Eqs. 25 

f o r  F 

techniques i f  the  t r a n s i e n t  load vector  i s  expres s ib l e  i n  terms of  a s i n g l e  

forc ing  funct ion,  o r  by means of the genera l ized  Holzer method. The l a t t e r  was 

. The i n i t i a l - v a l u e  problem can be in t eg ra t ed  by means of Duhamel i n t e g r a l  n i  .. 

chosen i n  t h i s  s tudy.  

I n i t i a l  Conditions.-  It i s  necessary t o  p re sc r ibe  i n i t i a l  condi t ions  f o r  
e 

F and F a t  time t = 0. These condi t ions can be a r r ived  a t  from cons ide ra t ion  , 
n i  n i  

of Eqs. 27. The i n i t i a l  condi t ion for  t he  s h e l l  displacements and v e l o c i t i e s  a r e  

1 .? n 1  

, ndrs 
v ( x  , 9, 0 )  = w, (x ) cos nd (262 ) 

I f  s t e p s  3 through 5 (as ou t l ined  above f o r  the equat ions o f  motion) a r e  repeated 

us ing  E q s .  26, the  following i n i t i a l  condi t ions  on F ( t )  a r e  obtained n i  
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0 n r n  n a n  1 b 
i- w, xi.") r[i1 dx 

i i 
n i  

I n  order  t o  t r e a t  a p a r t i c u l a r  forced v i b r a t i o n  problem, using as a b a s i s  

f o r  so lu t ion  the  superpos i t ion  theory presented he re in ,  it i s  necessary t o  

s e l e c t  a value f o r  c ' ,  the  small non-dimensional parameter def ined by the  super-  

posed load vec to r .  I f  the  dynamic load vec tor  superposed i s  denoted by 

A P ( t ) ,  a reasonable measure f o r  c 1  i s  
- 

where 7 i s  the  s t a t i c  load vec to r  on the  i n i t i a l l y - s t r e s s e d  s h e l l .  

For t ' r ans ien t  response problems i n  which superposed i n i t i a l  displacements 

and v e l o c i t i c s  a r e  considered, a reasonable measure f o r  e' i s  

- 1  " 1  where aV(x , 8, 0 )  and aV(x , 8, 0 )  a r e  the  superposed i n i t i a l  displacement and 
- 

v e l o c i t y  vec tors ,  r e spec t ive ly ,  and where V, i s  the  non-dimensional s t a t i c  d i s -  

placement vec to r  of  the i n i t i a l l y - s t r e s s e d  middle su r face .  

, Samp1.e Forced Vibrat ion Problems. - The modal a n a l y s i s  method was t e s t e d  

on seve ra l  dynamic problems. It i s  not  the purpose of t h i s  sect ior ,  t o  so lve  

c: proSlem of p a r t i c u l a r  i n t e r e s t ,  but r a t h e r  t o  demonstrate t he  modal a n a l y s i s  

method and a l s o  t o  show the  v a l i d i t y  o f  the mode shapes found i n  the  previous 

free v i b r a t i o n  sample problems. Therefore, t h ree  simple problems were chosen,'. 

1) a crude approximation t o  a s t a t i c  wind load ( 7 ) ,  
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2 ) 2 c + cr'p; and 3 )  aTi i n - ~ i a ~  v e l o c i t y  L i s -  , , c n ~  over-pressure C'P' ' 

t r i b u t i o n  propor t iona l  t o  t h e  s t a t i c  displacement f i e l d  of t he  i n i t i a l l y - s r T e s s e d  

u . . L - L .  I..c f i r s t  tvo  problems were chosen because t h e  s t a t i c  r e s u l t s  of t h e  

czne F-robierns a r e  a v a i l a b l e  f o r  comparison, t hus  providing a check on the  

v & l l d i t y  o f  t he  f r e e  v i b r a t i o n  mode shapes.  I n  a l l  t h r e e  problems, ,E! was chosen 

(3 = 

_I ;-, 7 ? in" 

(31)  as 0.01. 
- 

F i g .  16 shows the  dynaniLc wind ( ~ ' p  = $0 p s f )  s t r e s s e s  a t  two rr,eridional 

p o i n t s  on a sphere continuous a t  the apex and f ixed a t  oo = 45". A t  t i n e  t = => 

rhe dynamic o s c i l l a t i o n s  have died out and t h e  displacements as ca lcu la ted  by 

t h e  modal a n a l y s i s  method should equal t he  displacements as ca lcu la ted  from 

t h e  s t a t i c  theory (20) .  In  F ig .  17, t h e  f i r s t  t h r e e  p a r t i a l  sums(at t = m) 

o f  t he  norrial modes mul t ip l ied  by the p a r t i c i p a t i o n  f a c t o r s  a r e  compared t o  t h e  

equiva len t  s t a t i c  s o l u t i o n .  It can be seen t h a t  only 3 modes need be considered 

i n  o r d e r  t o  give answers in  c l o s e  agreement wi th  the  s t a t i c  s o l u t i o n .  

. .  InF-gs .  18 and 19, t h e  p a r t i a l  sums o f  t he  displacement and s t r e s s  mode 

shapes of a sphere continuous a t  the apex and f ixed  a t  (c0 = 45", each mode 

being mul t ip l ied  by a l i m i t i n g  p a r t i c i p a t i o n  f a c t o r  f o r  a cons tan t  overpressure 

of  40 ps f ,  a r e  compared. t o  the  equivalent  s t a t i c  s o l u t i o n  (18). It can be seen 

t n a t  nore mode shapes 'a re  required t o  adequately r e p r e s e n t  t h e  s t a t i c  s t r e s s e s  

thzn a r e  required t o  represent  the s t a t i c  displacements.  

The f i n a l  problem considered was t h a t  o f  t he  response of a sphere,  cont in-  

uous a t  t he  apex and f ixed a t  c0 = 45", t o  a n  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  

with a shape propor t iona l  t o  the  s t a t i c  displacement f i e l d  of  t he  pressur ized  

sphere.  I n  t h i s  case 

1 
F =  

r 

%nd 
.06025 

\ h e r e  c i s  t h e  c o n s t a n t  of  p r o p o r t i o n a l i t y  (chosen as 3 . O ) ,  and from Fig.  3, 

''Eund = 49.75. The p g r t i a l  sum of 5 modes was found t o  g ive  an adequate 
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re:>resentation of the dynamic response. The superposed s t r e s s  r e su l t a r . t s  a t  

th ree  meridional po in t s  are p l o t t e d  as  a func t ion  of time i n  Pig.  20. 

CONCLUSION 

Tile asymmetric response t o  f r ee  and forced v i b r a t i o n s  of  a n  i n i t i a l l y -  

s t r e s sed  membrane s h e l l  of revolut ion has been s tudied .  Equations of motion 

have been presented f o r  small f r e e  v ib ra t ions  about a prev ious ly  deformed 

middle sur face .  

th ickness  r a t i o  i s  small compared t o  un i ty ;  

The assumptions inherent  i n  the  mathematical model a r e :  1) the 

2 )  the  moment r e s u l t a n t s  a r e  

n e g l i g i b l e  compared t o  the  force r e su l t an t s ;  

homogeneous, and i so t rop ic ;  and 4) the  superimposed dynamic s t r a i n s  a r e  i n f i n i -  

3) the  ma te r i a l  i s  e l a s t i c ,  

t e s ima l .  

The n a t u r a l  f requencies  and mode shapes €or the  exac t  and the  approximate 

formulat ions of  the  equat ions of motion were determined numerical ly  using the  

general ized Holzer method. Convergence d i f f i c u l t i e s  f o r  s t e e p  s h e l l s  were 
.. 

a l l e v i a t e d  by suppressing extraneous so lu t ions  a t  in te rmedia te  p o i n t s .  I n  the  

neighborhood of  the apex a s p e c i a l  technique was used t o  i n t e g r a t e  the  equat ions 

of motion. This  method i s  based on Taylor expansions of the displacements.  

?Dr shells with raFFdly valying geometries near  the  apex, it was .found t h a t  more 

rapid convergence of the so lu t ions  was poss ib le  i f  Taylor  expansions of  func t ions  

of  the displacements and of c e r t a i n  geometric q u a n t i t i e s  were used. 

The modal method of  a n a l y s i s  was used t o  determine t h e  t r a n s i e n t  response 

o f  i n i t i a l l y - s t r e s s e d  membrane s h e l l s  t o  s t a t i c  and dynamic loads .  The so lu t ion  

techniques developed f o r  the  . f r ee  and forced response of  t he  genera l  s h e l l  of 

r evo lu t ion  were t e s t e d  on seve ra l  sample s h e l l  geometries with var ied  boundary 

cond i t ions .  It was found t h a t  the  magni’tude of the  i n i t i a l  s t r e s s  had a s ig -  

n i f i c a n t  e f f e c t  on the n a t u r a l  frequencies but  did not  s i g n i f i c a n t l y  e f f e c t  the  

a s soc ia t ed  m0de.shape.s. Both the  exact and approximate formulations yielded 



, 
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so lu t ions  i n  c lose  agreement with each o the r .  

Purther  research i s  needed on the determinat ion of  the dynamic res?onse 

of i s ~ t r o p i c  and an i so t rop ic  s h e l l s  with non-symnetric i n i t i a l - s t r e s s  s t a t e s .  

The buckling behav io r , ” loca l  and global ,  o f  extremely t h i n  i n i t i a l l y - s t r e s s e d  

s h e l l s  i s  another  important subjec t  i n  need of  s tudy.  For one type of  i n i t i a l l y -  

s t r e s sed  s h e l l ,  an i n f l a t a b l e  s h e l l ,  the  determinat ion of  the l o c a l  buckling 

c h a r a c t e r i s t i c s  i s  extremely important i n  . t h a t  i n f l a t a b l e s  tend t o  wrinkle and 

k i n k  a t  boundaries.  
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A?PEh?)IX I1 - NOTATION 

= metric  tensor  of M'. 

= foca l  length  of paraboloid,  o r  d i s t ance  def ined by Fig.  1 3  

= Taylor s e r i e s  cons tan ts  i n  E q s .  13. 

= curva ture  tensor  of M' 

= cGef f i c i en t s  of  v iscous damping 

= Young's modulus 

= t ensor  component.s of  the non-dimensional superposed 
load vec tor .  

= mode p a r t i c i p a t i o n  f a c t o r  

= Lp(l) 6- 11 /K 

= one-half  the thickness  of i n i t i a l l y - s t r e s s e d  s h e l l  

= N /K 
' (nw) 
= sma l l e s t  c h a r a c t e r i s t i c  length  o f  *M 

= middle surface of  i n i t l a l l y - s t r e s s e d  s h e l l .  

= middle surface of a d d i t i o n a l l y  deformed s h e l l .  

N + E ' N '  = phys ica l  components of  n w  + ( ' n ' v  
( cy 1 (Ny) 

P 

P 

R 

i 

= force  r e s u l t a n t  tensor  on M' 

= l a r g e s t  c h a r a c t e r i s t i c  load on *N. 

= phys ica l  components of Ftn, F' 3 

= i n t e r n a l  pressure on *M 

= non-dimensional sphere r ad ius  

, = non-dimensional r a d i i  o f  curva ture  of *M 
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V '  V '  "d' " ( 3 )  
XO- 

€ '  

e 

x 

= displacement funct ions defined by Xqs. 3 .  

= displacement funct ions defined by Eqs . 6. 

- r  - L ~ ~ l c t i o n s  defined by E q s .  9. 

= funct ions def ined by E q s .  10. 

n n n  
= i n i t i a l  condi t ions on u , v , w , a t  t = 0. 

= t ensor  components of  t he  non-dimensional superposed 
displacement vector. 

= phys ica l  components of V t O y  W .  

= non-dimensional coordinates  of *N, cr = 1, 2. 

= c/ccr. 

= C h r i s t o f f e l  symbols of  MI. 

= superposed load increment. 

= superposed i n i t i a l  displacement vec to r .  

= a r b i t r a r y  small parameter def ined by superposed loads.  

= azimuth angle  of a s h e l l  of revolu t ion .  

= th ickness  r a t i o  = *h/L. 

= Poisson ' s  r a t i o .  

= mass dens i ty  o f  i n i t i a l l y - s t r e s s e d  s h e l l .  

= angle  normal t o  *M makes with a x i s  of revolu t ion .  

= one-half  the opening angle of *N. 

= angular  l oca t ion  of r i g i d  plug. 

= frequency. 

. .' 
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